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SUMMARY 

A s impl i f i ed  mathematical model of t h e  t r anspor t  of chemically r eac t ing  
species i n  the  microcirculatory system i s  presented. The d i f f e r e n t i a l  equation 
describing m a s s  t r anspor t  i n  t h e  c a p i l l a r y  i s  derived. An order of magnitude 
ana lys i s  of t h e  individual  terms i n  t h e  d i f fus ion  equation leads t o  some s impli-  
f i c a t i o n s  and t o  t h e  considerat ion of two p r i n c i p a l  regimes of i n t e r e s t  which are 
defined i n  t e r m s  of a parameter t h a t  arises from t h e  d i f f e r e n t i a l  equations.  
The parameter suggests some " l a rge r  scaled' '  experimental models. A number of 
closed-form solut ions of t h e  d i f f e r e n t i a l  equations a r e  presented f o r  s p e c i a l  
cases .  The "general" case i s  discussed and a means f o r  studying it i s  suggested. 

INTRODUCTION 

It i s  wel l  known t h a t  i n  t h e  microcirculatory system t h e r e  are var ious types 
and s i z e s  of  c a p i l l a r i e s  and t h a t ,  correspondingly, t h e  manner i n  which ce l l s  and 
plasma pass through t h e s e  c a p i l l a r i e s  v a r i e s  considerably (drawings of four  types 
of muscle c a p i l l a r i e s  i n  guinea p igs  obtained from r e f .  1 a r e  shown i n  r e f .  2 ) .  

Generally, c e l l s  pass through c a p i l l a r i e s  i n  s i n g l e  f i l e  and are deformed by 
t h e  c a p i l l a r y  w a l l .  I n  some instances t h e  c a p i l l a r y  w a l l  i s  a l s o  deformed no t i ce -  
ably,  but i n  o the r s  it i s  no t .  It has been observed t h a t  under some circumstances, 
c e l l s  t r a i l  one another by an appreciable dis tance through t h e  c a p i l l a r y ,  while 
under other  circumstances t h e  c e l l s  move through t h e  c a p i l l a r y  bu t t ed  against  one 
another forming an almost continuous chain. It i s  t h e  l a t t e r  continuous chain of 
c e l l s  moving through a c a p i l l a r y  t h a t  w i l l  be called t h e  c l a s s i c a l  c a p i l l a r y  and 
i s  t h e  subject of t h i s  study. 

It i s  reasonable t o  expect t h a t  chemical species  a r e  exchanged between blood 
and t i s s u e s  by a v a r i e t y  of mechanisms. Transport of chemical species  may be 
accomplished by convection ( i . e . ,  by bulk flow as soc ia t ed  with t h e  m a s s  motion o f  
t h e  c e l l s  and f l u i d s ) ,  molecular d i f fus ion  r e l a t i v e  t o  t h e  mass motion, or o the r  
phenomena. Transport by an  i n t e r e s t i n g  convective flow p a t t e r n  i n  t h e  p l a s m  
separat ing two c e l l s  has r e c e n t l y  been inves t iga t ed  and repor ted  i n  references 2 
and 3, while t h a t  by d i f fus ion  (including d i f fus ion  through t i s s u e s )  has been 
examined and repor ted  i n  references 4 through 8. 



The present  ana lys i s  considers t h e  t r anspor t  of species  i by both t h e  mass 
motion of t h e  t r a i n  of c e l l s  and by d i f fus ion  r e l a t i v e  t o  t h e  mass motion. 
includes t h e  exchange of chemical species  through a semipermeable w a l l  separat ing 
t h e  c e l l u l a r  f l u i d  and t h e  surroundings. These surroundings may be e i t h e r  an 
annulus of plasma around t h e  c e l l s  o r  whatever e x i s t s  outs ide t h e  cap i l l a ry  w a l l ,  
provided t h e  c e l l  w a l l  and cap i l l a ry  w a l l  are i n  s u f f i c i e n t l y  c lose  contact t h a t  
they can be lumped toge ther  as a s ing le  semipermeable b a r r i e r .  Although it i s  
recognized t h a t  i n  ordinary circumstances chemical reac t ions  do not occur t o  a 
s ign i f i can t  extent  i n  t h e  c e l l s ,  such reac t ions  are included i n  t h e  theory so 
t h a t  t h e  r e s u l t s  may apply as w e l l  t o  extraordinary circumstances i n  which chemi- 
c a l  changes do occur (e .g . ,  from t h e  introduct ion of fore ign  matter by inha la-  
t i o n  - N20,  C02, or  CO, o r  by in j ec t ions  i n t o  e i t h e r  t h e  blood o r  t i s s u e ) .  Both 
t h e  steady and unsteady states are included i n  t h e  ana lys i s .  

It 

It w i l l  become apparent t h a t  t h e  mathematical model employed t o  study t h e  
phenomena described above has been s impl i f ied  t o  a considerable ex ten t .  Many of 
t h e  d e t a i l s  known about t h e  microcirculat ion have been omitted so  t h a t  so lu t ions  
of t h e  governing equations may be obtained. I n  s p i t e  of t h e  s impl i f ica t ions ,  it 
i s  expected t h a t  t h e  r e s u l t s  obtained w i l l  provide a t o o l  f o r  evaluating experi-  
mental evidence, w i l l  c l a s s i f y  a number of important regimes, w i l l  provide con- 
venient sca l ing  l a w s ,  and, hopefully,  w i l l  permit meaningful quan t i t a t ive  
pred ic t ion  of t h e  phenomena i n  question. 

SYMBOLS1 

ci 

D i  

f 

F 

g(Y> 

h i  

H i  

IP  

JP 

L 

M i  

mass f r a c t i o n  of species  i (eq. ( 4 ) )  

binary d i f fus ion  coef f ic ien t  of species  i (dimensional quant i ty)  

dimensional mass f l u x  per  un i t  length of c a p i l l a r y  leaving t h e  semi- 
permeable w a l l  

defined by equation (31) 

i n i t i a l  or s t a r t i n g  p r o f i l e  of species  concentration (eq. (18) ) 

w a l l  permeabili ty f o r  species  i 

defined by equation (13) 

modified Bessel funct ion of f i r s t  kind of order p 

ordinary Bessel  funct ion of f i r s t  kind of order p 

c a p i l l a r y  length (dimensional quant i ty)  

molecular weight of species  i 

'All quan t i t i e s  a r e  dimensionless unless  noted otherwise. 
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a constant o r  constant of propor t iona l i ty  i n  t h e  production ra te  

mass averaged ve loc i ty  vec tor  (eq. (2 )  ) (dimensional quant i ty)  

d i f fus ive  ve loc i ty  vector  r e l a t i v e  to mass averaged ve loc i ty  (eq. (1) ) 
(dimensional quant i ty)  

r a d i a l  dis tance i n  cap i l l a ry  

radius  of semipermeable w a l l  (dimensional quant i ty)  

represents  t or x f o r  H i 2  2 0[1] unsteady state o r  H i 2  = O L E ]  
steady s ta te ,  respec t ive ly  

t i m e  va r i ab le  

component of mass averaged ve loc i ty  p a r a l l e l  t o  c a p i l l a r y  ax i s  

component of mass averaged ve loc i ty  i n  r a d i a l  d i r ec t ion  

dis tance along cap i l l a ry  ax i s  

defined by equation (16) 

p a r t i c u l a r  so lu t ion  of nonhomogeneous d i f f e r e n t i a l  equation with 
nonhomogeneous boundary conditions (eq. (31) , e .g . ) 

zero f o r  constant f l u x  of species  i across  semipermeable w a l l ;  
otherwise it i s  - H i h i  

Hihi(cic - c ) f o r  constant f l ux  of species  i across  semipermeable 
i S  

w a l l ;  otherwise it i s  -Hihicis 

a quant i ty  much less  than uni ty  

eigenvalues obtained from pos i t i ve  roo t s  of equation (30 )  

mass densi ty  of so lu t ion  

mass densi ty  of species  i 

l o c a l  ra te  of production of species  i per un i t  volume 

dimensional quan t i t i e s  

Sub s c r i p t  s 

conditions on t h e  c e l l  s ide  ( j u s t  i n s ide )  of t h e  semipermeable w a l l  

i , j , k  species  i, j ,  k 
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n n th  eigenvalue 

o reference condi t ions (conditions on axis of  c a p i l l a r y  entrance) 

s conditions on surroundings s i d e  ( jus t  ou ts ide)  of  t h e  semipermeable w a l l  

ANALYSIS 

Coordinates and Kinematics 

The flow model used i n  t h e  ana lys i s  i s  shown i n  t h e  sketch. The c e l l s  
contain a primary f l u i d  and quan t i t i e s  of var ious chemical species  i, which are 

t ranspor ted  by t h e  motion of 
t h e  c e l l  and by d i f fus ion .  
Thus each chemical species  
moves with an absolute  veloci ty  
V i  composed of t h e  l o c a l  mass 
averaged ve loc i ty  3 plus  i t s  
d i f fus ion  ve loc i ty  <i rela- 
t i v e  t o  t h e  mass averaged 
ve loc i ty ;  t h a t  i s  

-2. 

The mass averaged ve loc i ty  has components U and V p a r a l l e l  and normal t o  
t h e  cap i l l a ry  axis, respec t ive ly ,  and i s  def ined by 

where 

I 

and t h e  mass f r a c t i o n  of species  i i s  

It follows simply t h a t  

throughout t h e  flow f i e l d .  

4 
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The mass f l u x  of  species  i by d i f fus ion  r e l a t i v e  t o  t h e  mass motion i s  t h e  
product o f  species  densi ty  and d i f fus ion  ve loc i ty  and, according t o  F ick ' s  l a w ,  
i s  

For t h e  model of blood c e l l s  being pushed along, one behind t h e  o ther  
through t h e  c a p i l l a r y ,  one cannot expect t o  wr i t e  t h e  usual  Navier-Stokes momen- 
tum equation and then look f o r  t h e  P o i s e u i l l e  pipe flow ve loc i ty  p r o f i l e s .  
Ins tead ,  it i s  simply noted t h a t  t h e  f r i c t i o n  forces  between t h e  c e l l  w a l l  and 
t h e  surroundings must be balanced with a pressure gradient  i n  order t o  maintain 
t h e  flow through t h e  cap i l l a ry .  For present  purposes, we are not concerned with 
any more detai l  of momentum balancing but consider mass t r anspor t  of t h e  species  
i. 

D i f f e r e n t i a l  Equation of Mass Transport 

The mass t r anspor t  i n  t h e  c a p i l l a r y  i s  accomplished both by movement of t h e  
c e l l s  with t h e i r  chemical d i luen t s  and by d i f fus ion  of t h e  d i luen t s  r e l a t i v e  t o  
t h e  c e l l  motion. 

I n  a f ixed  mass element of  f l u i d  moving with mass averaged ve loc i ty ,  we 
equate t h e  rate at which t h e  concentrat ion of species  i v a r i e s  ( l e f t  s ide )  t o  
t h e  net r a t e  a t  which it d i f fuses  i n t o  t h e  element and i s  produced t h e r e i n  ( r i g h t  
s ide )  leading t o  

The l e f t  s ide  of  equation (7) contains  t h e  Euler ian de r iva t ive  D / E  which 
i s  discussed on page 15 of reference 9. The mass f l u x  of species  i by d i f f u -  
s ion  represented by equation (6)  i s  r e a d i l y  i d e n t i f i e d  i n  t h e  f irst  two terms of 
t h e  r i g h t  s i d e  of equation ( 7 ) ,  while t h e  last term i s  t h e  l o c a l  rate of produc- 
t i o n  of species  i per  un i t  volume. 

It i s  important t o  note t h a t  as long as we a r e  concerned with d i l u t e  
q u a n t i t i e s  o f  species  i di f fus ing  i n  some primary f l u i d ,  t h e  binary d i f fus ion  
coe f f i c i en t  D i  m y  be used. Furthermore, f o r  a mixture of s eve ra l  species  
which a r e  not necessar i ly  d i l u t e  we m y  use t h e  binary d i f fus ion  coe f f i c i en t  i f i t  
i s  poss ib le  t o  combine t h e  var ious species  i n t o  two p r i n c i p a l  groups, each con- 
t a i n i n g  species  of l i k e  molecular weight and l i k e  mutual c o l l i s i o n  cross  sec t ion  
( r e f .  10). Otherwise, it i s  necessary t o  use t h e  multicomponent d i f fus ion  coef- 
f i c i e n t s ,  which a r e  most unpleasant.  
a r e  

end w a l l s  of t h e  c e l l s  have not been wr i t t en .  
fo r  t h e  model employed, t hese  boundaries a r e  not important. 

The boundary condi t ions f o r  equation ( 7 ) 2  

d i rec t ion  imposed by t h e  boundaries of  t h e  2Boundary condi t ions i n  t h e  x 
It w i l l  be shown subsequently t h a t  
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a t  t = 0 ,  

at X = 0 ,  

at r = 0, 
- 

at F = R, 

It i s  convenient t o  def ine t h e  dimensionless quan t i t i e s  

x = T/R , r = F/R , P = F/Fo 

u = E/Eo , v = T//Uo 

(9) 

Define a l s o  t h e  dimensionless parameter 

Subs t i t u t ing  these  dimensionless quan t i t i e s  i n t o  equation (7) and expressing the  
Euler ian de r iva t ive  leads  t o :  

The s i z e  of t h e  ind iv idua l  terms i n  equation (14) i s  estimated as follows (where 
E << 1, L i s  c a p i l l a r y  length,  and R/L = O[ E ] ) .  

On t h e  l e f t  s ide  of equation (15) €2 E ,  and i n  t h e  
parentheses,  a l l  terms E and smaller may be neglected i n  comparison with uni ty .  
If 

may be neglected i n  favor of 

u i s  s e t  t o  uni ty  ( i n  accord with t h e  model employed), r i s  replaced by 
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I 
and t h e  neg l ig ib l e  terms are omitted, equation (14) becomes 

a c i  a c i  a2c i  1 a c i  w i  + - -  - -  + - - + -  - 
a t  a x  a ~ 2  Y ay P 

~ Examination of equation (15) revea ls  two regimes of i n t e r e s t  which depend on t h e  
I s i z e  of H i 2 .  The f irst  of t hese  corresponds t o  H i 2  = O[E], for which equa- 

t i o n  (17) i s  appropriate  as it stands.  
H i 2  2 0[1] f o r  which t h e  second term on t h e  l e f t  of equation (17) may be omitted. 

The second of t hese  corresponds t o  

' The boundary conditions f o r  equation (17) are: 

f o r  H i 2  << 1, steady s t a t e ,  o r  H i 2  20[1_], 

a c i  a c t  
- (x,~) = o or - ( t , O )  = 0 
a Y  a Y  

It i s  convenient t o  l e t  s represent  x f o r  H i 2  << 1 steady state o r  t f o r  
H i 2  10[1] and write boundary condi t ion (20) i n  t h e  form: 

xL,ere and p i  a r e  considered t o  be constant .  Equation (21) A r e l a t e d  t o  
t h e  mass f l u x  of species  i across  t h e  semipermeable wall.3 If t h e  f l u x  i s  a 
funct ion of s, then  by comparison of equations (21) and ( 2 0 ) ,  and equations (12)  

%he mass f l u x  per  un i t  l ength  of  c a p i l l a r y  leaving t h e  semipermeable w a l l  i s  

or i n  terms of w a l l  permeabili ty i s  

7 



On t h e  o ther  hand, i f  t h e  flux o f  species  i across  t h e  semipermeable membrane 
i s  constant ,  we must s e t  ai t o  zero and l e t  P i  s tand f o r  

Both of  t hese  p o s s i b i l i t i e s  a r e  included i n  boundary condi t ion (21 ) .  

It i s  noted on t h e  r i g h t  s ide  of equation (17) t h a t  d i f fus ion  i n  t h e  a x i a l  
d i r ec t ion  has been neglected i n  favor of d i f fus ion  i n  t h e  r a d i a l  d i r ec t ion  
because t h e  concentrat ion gradien ts  i n  t h e  former a r e  smaller .  Thus even though 
t h e r e  a r e  c e l l  w a l l s  i nh ib i t i ng  d i f fus ion  i n  t h e  x d i r ec t ion ,  we can neglect 
t h a t  d e t a i l  simply because d i f fus ion  with or without c e l l  walls i s  not important 
i n  t h e  x d i r ec t ion .  The point  made e a r l i e r  accounting f o r  t h e  c e l l  w a l l  by 
including i t s  permeabili ty with t h a t  of  t h e  c a p i l l a r y  w a l l  (which thus a s soc ia t e s  
t h e  importance of  c e l l  w a l l  with r a d i a l  d i f fus ion )  i s  a b e t t e r  approximation than 
may have been an t ic ipa ted .  

Without having solved t h e  equations,  we already have a use fu l  c r i t e r i o n ,  
H i 2 ,  which de l inea tes  two important regimes. 
and d i f fus ion  con t ro l l i ng  regimes corresponding t o  Et2  << 1 and H i 2  2 0[11, 
respec t ive ly .  The s igni f icance  of t h e  c r i t e r i o n  H i  << 1 f o r  d i f f e r e n t i a l  equa- 
t i o n  (17) i s  t h a t  mass t r anspor t  of species  
t h e  axial d i r ec t ion  i s  comparable t o  mass t r anspor t  by d i f fus ion  i n  t h e  r a d i a l  
d i r ec t ion .  

These w i l l  be c a l l e d  t h e  bulk f l o w  

i by convection (or bulk flow) i n  

The parameter H i  may have a f a i r l y  broad range of values.  For b io log ica l  
systems, D i  
(p.  13) .  
eggs (p.  80). The d i f fus ion  coe f f i c i en t  f o r  glycer ine,  MgSO4, KC1,  N a C Z ,  sugar, 
and urea i n  water i s  about two orders  o f  magnitude l a r g e r  than t h a t  (i. e . ,  

R = 0.4~10-~ em, while Both 
values  a r e  almost t h e  same as those l i s t e d  f o r  dogs ( r e f .  13, p. 43 ) ( fo r  t hese  
condi t ions,  t h e  time requi red  f o r  a c e l l  to t r a v e l  t h e  length  of t h e  c a p i l l a r y  i s  
about one second). Thus H i  v a r i e s  from about t h e  order of t o  uni ty  
corresponding t o  these  values ,  

cm2/sec f o r  s eve ra l  metabolites,  according t o  re ference  7 
That reference c i t e s  t h e  case of  t h e  d i f fus ion  of oxygen i n  Arbacia 

cm2/sec) according t o  re ference  11 (p. 210). For human c a p i l l a r i e s ,  - u, =: 0.04 cm/sec according t o  reference 12 (p. 45).  

Under some circumstances, t h e  d i f fus ion  coe f f i c i en t  i n  gases and l i q u i d s  i s  
propor t iona l  t o  t h e  r ec ip roca l  of t h e  square root  of t h e  molecular weight of t h e  
d i f fus ing  substance ( r e f .  14,  p. 171). Noting t h a t  t h e  square r o o t  of t h e  molec- 
u l a r  weight of  thiocyanate  i s  t h e  same order of magnitude as t h a t  f o r  oxygen or 
other  metabol i tes ,  we might expect H i 2  f o r  thiocyanate  t o  be of  t h e  order of lo-? 
For t h i s  reason, i f  thiocyanate  i s  introduced i n t o  t h e  r e d  c e l l s ,  it may be 
expected t h a t  i t s  t r anspor t  by axial  bulk flow i s  s i g n i f i c a n t .  The experimental 
r e s u l t s  ( i n  dogs) of reference 15 i nd ica t e  t h a t  indeed t h i s  i s  t h e  case (although 
t h e  mechanism f o r  t h e  escape of thiocyanate  from t h e  c a p i l l a r y  w a s  thought t o  be 
" f i l t r a t i o n  i n  bulk" through t h e  c a p i l l a r y  w a l l  which w a s  considered t o  be  more 
r a p i d  than d i f fus ion ) ;  roughly one fou r th  of t h e  cardiac output of  u l t r a f i l t r a b l e  
mater ia l  enter ing t h e  c a p i l l a r y  t r ave r sed  t h e  length  of t h e  c a p i l l a r y  without 
escaping t o  t h e  surroundings. 
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On t h e  other  hand, t h e  s ign i f icance  of t h e  c r i t e r i o n  
mass t ranspor t  by r a d i a l  d i f fus ion  i s  more important than t h a t  by t h e  cap i l l a ry  
flow. This may be t h e  case i f  D i  i s  l a rge  (corresponding t o  species  having low 
molecular weights) or i f  REo 
t h e  flow i s  almost cut  o f f ,  i . e . ,  only a t r i c k l e  of blood flows through).  

H i 2  2 0[1] i s  t h a t  

i s  small (corresponding t o  c a p i l l a r i e s  i n  which 

The formulation of t h e  d i f f e r e n t i a l  equation (17) and i t s  boundary conditions 
(18) , (l9), and (21) i s  complete and we t u r n  a t t e n t i o n  t o  so lu t ions  of t h e  
equations.  

RESULTS AND DISCUSSION 

If Gi/P,  t h e  l o c a l  ra te  of production or consumption of species  i per 
un i t  mass, i s  e i t h e r  constant (such as zero f o r  no r eac t ions )  or proport ional  t o  
Fi (which i s  l i k e l y  f o r  consumption), t h e  d i f f e r e n t i a l  equation (17) i s  l i n e a r  
and one may expect t o  f i n d  so lu t ions  i n  a d i r e c t  way, Generally, however, w i / B  
i s  not necessar i ly  constant or proport ional  t o  c i ,  but may be proport ional  t o  
t h e  mass f r a c t i o n  of some other  species  Fj ( i f  Fi i s  formed by t h e  d issoc ia t ion  
of E j  f o r  example) as w e l l  as t o  t h e  mass f r a c t i o n  of some enzyme ck. I n  gen- 
e r a l ,  an  equation of t h e  type (17) can be wr i t t en  f o r  each species  present ,  and 
t h e  r e su l t i ng  set  of equations may be both nonlinear and coupled. 
boundary conditions on these  equations may not be y e l l  behaved, espec ia l ly  fo r  
s tud ies  i n  which t h e  cap i l l a ry  w a l l  has been damaged. 

- 
- 

- 

Moreover, 

Our first  i n t e r e s t  i s  t o  examine t h e  l i n e a r  case f o r  which so lu t ions  are 
r ead i ly  obtained. They w i l l  be presented i n  order of increasing genera l i ty .  
Subsequently, a means f o r  studying t h e  nonlinear case w i l l  be discussed. 

Closed-Form Solut ions 

These resul ts  are presented i n  order of increasing genera l i ty .  

I Steady-state ,  diffusion-control l ing,  constant production or eonsumption 
rate (Hi2 2 0[11, w i / P  = +$).- The l e f t  s i d e  of equation (17) i s  set t o  zero and 

, i t s  so lu t ion  i s  t h e  parabola 

I l l u s t r a t i v e  examples of t h i s  r e s u l t  are presented i n  f igu res  1 ( f o r  
production) and 2 ( f o r  consumption). The parameters p2, H i ,  P i ,  and ai shown 
w e r e  s e l ec t ed  a r b i t r a r i l y .  The slopes of c i  at t h e  semipermeable w a l l  ind ica te  
t h a t  species  i i s  leaving t h e  cap i l l a ry  during constant production and enter ing 
during constant consumption. 

~ 
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Two s p e c i a l  cases corresponding t o  ai = 0 (constant  mass f l u x  at t h e  
semipermeable w a l l )  and p2 = 0 (no r eac t ions )  might be mentioned. For ai = 0 
the  so lu t ion  o f  equation (17) becomes 

(25) 

It i s  noted t h a t  only t h e  production of species  
cannot be negative and t h a t  species  i vanishes at t h e  w a l l  ( C i c  i s  z e r o ) .  
Furthermore, it i s  easy t o  show t h a t  P i =  +p2/2Hi, which means t h a t  species  
i s  leaving t h e  c a p i l l a r y  (eq. ( 2 3 ) ) .  But i f  C i c  i s  zero ,  species  i cannot 
leave t h e  cap i l l a ry ,  so we must r equ i r e  tha t  p2 be zero, and t h e  case i s  
t r i v i a l  . 

i (+p2) i s  allowed because c i  

i 

The second spec ia l  case corresponds t o  no reac t ions  (p2 = 0 ) ,  but w i t h  
ai # 0. 
across  t h e  semipermeable w a l l  i s  zero. 
meaningful only i f  t h e r e  a r e  chemical r eac t ions .  

The r e s u l t  i s  t h a t  c i  = Pi/ai, a constant ,  and t h a t  mass t r anspor t  
Thus it i s  seen t h a t  equation (24) i s  

S t  eady-state ,  dif fus ion-cont ro l l ing  , product ion  or consmpt ion r a t e  
propor t iona l  t o  concentrat ion ( H i 2  2 0[1], W i / P  = +p2Ci).- Again t h e  l e f t  s ide  of 
equation (17) i s  omitted and i t s  so lu t ion  f o r  production i s  

while tha t  f o r  consumption i s  

I l l u s t r a t i v e  examples f o r  production and consumption are shown i n  f igu res  3 and 4 
for the  same values  of t h e  parameters used i n  f igu res  1 and 2. The mass f r a c t i o n  
gradien ts  at (and t h e  mass f l u x  across)  t h e  w a l l  a r e  smaller i n  f igu res  3 and 4 
than  those i n  f igu res  1 and 2, respec t ive ly .  

A s  before,  equations (26) and (27) are t r i v i a l  f o r  no production (p2 = 0)  
c i  = Pi/ui = constant .  and 

must be abandoned ( C i  
examples a r e  very r e a d i l y  evaluated because 
independent va r i ab le .  
next .  

For constant mass f l u x  across  t h e  w a l l ,  equation (27) 
i s  negat ive) ,  but equation (26) i s  wel l  behaved. 

Resul t s  f o r  two independent va r i ab le s  ( s  ,y)  a r e  considered 

So far, 
has been a funct ion of only one C i  

Production and consumption r a t e  constant ( W i / P  = +p2) f o r  e i t h e r  unsteady- 
state* 
Here we l e t  s represent  t f o r  t h e  former and x f o r  t h e  l a t t e r ,  while t h e  
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I second term on t h e  l e f t  of equation (17) i s  neglected for t h e  former, but t h e  
f irst  term i s  neglected f o r  t h e  l a t t e r .  The so lu t ion  of equation (17) i s  
obtained by separa t ion  of  va r i ab le s  f o r  t h e  homogeneous p a r t  of  t h e  equation 
( r e f .  16, p.  168) t o  which t h e  appropriate  p a r t i c u l a r  so lu t ion  i s  added and i s :  

n=i 

1 where 

An 
equation 

a r e  t h e  p o s i t i v e  roo t s  (presented i n  t h e  appendix) of t h e  t ranscendental  

where 
terms before t h e  summation s ign  on t h e  r i g h t  s ide  of equation (28) and i s  seen t o  
be t h e  same as t h e  r i g h t  s ide  o f  equation ( 2 4 ) ) .  

Z(y) i s  t h e  p a r t i c u l a r  so lu t ion  mentioned previously (which includes t h e  

Equation (28) can be evaluated f o r  a given s e t  of parameters H i 2 ,  ai, P i ,  
p2, and g ( y ) .  

1 procedure i s  s t ra ightforward,  i t s  evaluat ion i s  tedious and time consuming. Thus 
it i s  l i k e l y  t h a t  t h e  equation should be evaluated by a high-speed d i g i t a l  com- 
puter  f o r  each spec i f i c  example (which i s  beyond t h e  scope of t h e  present  analy- 
s i s ) .  For present  purposes it i s  i n s t r u c t i v e  t o  examine two s impl i f i ca t ions  of 
equation (28);  t h e  f irst  corresponds t o  constant mass flux across  t h e  semiperme- 
ab le  w a l l  (ai = 0)  f o r  which equation (28) becomes 

Although t h e  equation i s  i n  terms of well-known funct ions and t h e  

(32 
n=i  

where 

(33) 
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and An/Hi are t h e  zeros of J, tabula ted  i n  reference 17 (p.  166) and are 

?!.z = 7.0156 , = 10.1735 , . . . 
H i  

= 3.8317 , 
Hi Hi 

(34) 

The second s impl i f ica t ion  i s  f o r  no chemical reac t ions  (p2 = 0, but ai # 0 ) .  
If we assume t h a t  t h e  concentration of species  
en ters  t h e  capi l la ry ,  then g (y )  = 1 and An can be in tegra ted  r ead i ly .  The 
r e su l t i ng  mass f r a c t i o n  equation i s  much simpler than equation (28) and i s  

i i s  uniform i n  t h e  c e l l  as it 

(35) 

where, as before, An are t h e  pos i t i ve  roo t s  o f  equation (30) .  

Equation (35) holds s p e c i a l  s ign i f icance  i n  t h a t  it corresponds t o  t h e  
t ranspor t  of species  i under most ordinary circumstances, and it i s  appropriate  
t h a t  some i l l u s t r a t i v e  examples obtained from it be presented. The f irst  of 
t hese  corresponds t o  s teady-s ta te  bulk flow. Some values of t h e  parameters ai 
and H i  f o r  t h i s  condition have been estimated f o r  var ious species  by use of da ta  
obtained from reference 18, and are  l i s t e d  i n  t a b l e  I. It i s  pointed out t h a t  
t h e  following assumptions were made t o  obta in  t h e  values  shown i n  t h e  last two 
columns cm6g1/2/sec(g 
It i s  emphasized t h a t  t he re  i s  considerable uncertainty assoc ia ted  with these  num- 
bers  and they are only intended fo r  i l l u s t r a t i v e  purposes. It i s  noted t h a t  H i  
only varies by an order  of magnitude (lo-' t o  
weight v a r i e s  by t h r e e  orders  of magnitude (from 18 f o r  water t o  69,000 f o r  serum 
albumen), and t h a t  most of t h e  species  of i n t e r e s t  can be represented by H i =  10-l. 
Similar ly ,  ai i s  of t h e  order  of -10-1 t o  -lom3 f o r  most of t hese  species, while 
-lo-' represents  a " typical"  value f o r  i l l u s t r a t i v e  purposes. 
revea ls  t h a t  P i  can vary from zero (no species  i i n  surroundings) t o  -w (no 
species  i at entrance t o  c a p i l l a r y ) ,  For i l l u s t r a t i v e  purposes we set (31 = 0 
while H i  = -ai = 10-I. This corresponds t o  c e l l s  laden with species  i en te r -  
ing a c a p i l l a r y  and giving up t h a t  species  t o  surroundings t h a t  are r e l a t i v e l y  
free of t h a t  substance. 

= 0.04 cm/sec, R = 0.4~10'~ em, and D i  & 2 

f o r  species  whose molecular 

Equation (22) 

The development of t h e  mass f r a c t i o n  p r o f i l e  across  t h e  c e l l  as it moves 
along t h e  cap i l l a ry  (x = 0, 1, 10 and 100) i s  shown i n  f igu re  5. It can be seen 
t h a t  t h e  c e l l  gives  up 75 percent of i t s  mass of species  i t o  t h e  surroundings 
by t h e  t i m e  it has passed through a c a p i l l a r y  t h a t  i s  100 r a d i i  long (which i s  a 
good reason f o r  c a p i l l a r i e s  t o  be about t h a t  long) .  
t i a l l y  t h e  r e s u l t  c i t e d  previously f o r  thiocyanate  i n j e c t i o n  i n t o  dogs ( r e f ,  15 )  
which ind ica tes  t h a t  t h e  estimate of i s  p l aus ib l e  f o r  thiocyanate,  
and t h a t  at least t h i s  result of t h a t  paper could be explained by t h e  d i f fus ion  
mechanism. The r a t e  at which species  i leaves t h e  cap i l l a ry  r a d i a l l y  v a r i e s  
with pos i t i on  f o r  t h i s  example and i s  shown i n  f igu re  6. 

Coincidently, t h i s  i s  essen- 

H i 2  = 
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The second of t hese  examples corresponds t o  t h e  unsteady state with 
d i f fus ion  cont ro l l ing ,  which i s  i l l u s t r a t e d  i n  f igu re  7 f o r  H i 2  = 1, ai = -0.1, 
P -  1 = p2 = 0. For t h i s  example, c e l l s  laden with species  i w e r e  moving through 
t h e  cap i l l a ry  whose surroundings are f ree  of t h a t  substance. Abruptly, t h e  flow 
w a s  re ta rded  o r  t h e  permeabili ty of t h e  w a l l  t o  t h i s  species  w a s  increased. The 
r e s u l t i n g  mass f r a c t i o n  p r o f i l e  of species  i across  t h e  c e l l  i s  shown at t i m e s  
t = 0, 1, 10, and 100. For t h i s  p a r t i c u l a r  example, t h e  mass f r ac t ions  are not 
s t rong funct ions of rad ius ,  but are s t rong funct ions of t i m e .  The lack  of r a d i a l  
dependence ind ica tes  t h a t  t h e  adjustment of concentration within t h e  c e l l  i s  rapid 
and t h a t  t h e  w a l l  permeabili ty i s  t h e  l imi t ing  f a c t o r  on species  t r anspor t .  This  
w i l l  be apparent subsequently i n  another unsteady-state d i f fus ion  cont ro l l ing  
example ( f i g .  11) as w e l l .  Species i e s s e n t i a l l y  vanishes between t = 10 and 
t = 100. For reference purposes, t = 10 corresponds t o  0 . 1  second i f  
R = 0.4~10-~ cm and & = 0.4X10-1 cm/sec, or t o  1 second i f  t h e  flow ve loc i ty  has 
been diminished t o  0.4X10-2 cm/sec. 
by d i f fus ion  may be accomplished qu i t e  rap id ly .  
leaves t h e  cap i l l a ry  r a d i a l l y  i s  shown as a funct ion of t i m e  i n  f igu re  8. 

Thus i n  these  small vessels, mass t r anspor t  
The ra te  at which species  i 

Another i n t e r e s t i n g  example without reac t ions  i s  t h a t  of c e l l s  moving 
through a cap i l l a ry  whose surroundings have a high concentration of species  i 
r e l a t i v e  t o  t h a t  of t h e  en ter ing  c e l l .  I n  f igu re  9, we  see t h e  concentration of 
species  i increase by a f a c t o r  of about 8 i n  a c e l l  as it moves 50 diameters 
down a cap i l l a ry  whose surroundings have a concentration t e n  times t h a t  of t h e  
enter ing c e l l .  The corresponding mass f l u x  of species  i enter ing t h e  cap i l l a ry  
i s  shown as a funct ion of pos i t i on  i n  f igu re  10. 

A s  a f i n a l  i l l u s t r a t i o n ,  t h e  development of t h e  concentration p r o f i l e  of 
species  i i n  t h e  c e l l  i n  whose surroundings species  i abrupt ly  appears i n  
high concentration (by i n j e c t i o n  f o r  example) i s  shown i n  f igu re  11. 
concentration r ap id ly  approaches t h a t  of t h e  surroundings. Indeed, by t h e  t i m e  
t = 10 (or 0 . 1 t o  1 .0  second f o r  t h e  conditions c i t e d  above f o r  f i g .  7 ) ,  t h e  c e l l  
concentration i s  about 9 percent t h a t  of t h e  surroundings. The mass f l u x  en te r -  
ing t h e  c e l l  as a funct ion of time i s  shown i n  f i g u r e  12.  

The c e l l  

Production or consumption r a t e  proport ional  t o  concentration ( w i / p  = +p2ci) 
f o r  e i t h e r  unsteady d i f fus ion  cont ro l l ing  (Hi2 2 0[11, or s teady-s ta te  bulk flow 
( H i 2  << 1).- The so lu t ion  of equation (17) f o r  production includes t h e  r i g h t  s i d e  
of  equation (26) as t h e  p a r t i c u l a r  so lu t ion  Z(y) and i s  

P i  J,(PY) 

where 



The func t ion  F(y) i s  expressed by equation (31) and An a r e  t h e  pos i t i ve  roo t s  
o f  equation (30).  

I n  s i m i l a r  fashion,  t h e  so lu t ion  of equation (17) f o r  consumption includes 
t h e  r i g h t  s ide  of equation (27) as  Z(y) and i s  

and equations (3O), ( 3 l ) ,  and (37) apply. 
sec t ion ,  some s impl i f i ca t ion  of both equations (36) and (38) i s  e f fec ted  i f  
e i t h e r  ai i n  equation (30) or p2 i n  equations (36) and (38) i s  s e t  t o  zero. 
The f irst  of t hese  (ai = 0 )  leads  t o  eigenvalues corresponding t o  t h e  zeros of  
J1, as  before.  S imi l a r ly ,  i f  p2 i s  zero, both equations (36) and (38) reduce 
t o  equation (35) which has a l ready been discussed. 

A s  w a s  t h e  case i n  t h e  previous 

The two-dimensional ( s  and y )  r e s u l t s  of  t h e  last  two sec t ions  may be 
appl ied t o  many problems. 
themselves a re :  (1) e f f e c t  of a sudden appearance l o c a l l y  of a p a r t i c u l a r  chem- 
i c a l  species  (by i n j e c t i o n  f o r  example), and (2 )  spec ies  t ranspor t  following t h e  
abrupt terminat ion of f l o w 4  (caused, perhaps, by a leukocyte clogging a 
c a p i l l a r y ) .  

Two prominent unsteady-state  problems which suggest 

Obviously, t h e  s t eady- s t a t e  resu l t s  may be appl ied  t o  any number of 
examples. Not qu i t e  so  obvious, perhaps, i s  t h a t  t o  some extent ,  they may be 
appl ied d i r e c t l y  t o  t h e  case of a wal l  of  discontinuous permeabili ty ( r e s u l t i n g  
from damage f o r  example). That i s ,  they can be appl ied t o  t h e  damaged length  
using t h e  r e s u l t s  f rom t h e  undamaged length t o  ob ta in  g(y)  at t h e  beginning of  
t h e  damaged length.  

Closed-form so lu t ions  f o r  t h e  three-dimensional case ( x , y , t ) ( o r  unsteady 
s t a t e )  could be obtained t o  complete t h e  catalog of r e s u l t s  of  coupled l i n e a r  
d i f f e r e n t i a l  equations.  

_ _  - - 
*In s p i t e  of  t h e  f a c t  t h a t  H i 2  = 03 when 

be used if we rede f ine  some o f  t h e  quan t i t i e s .  I n  p a r t i c u l a r ,  we rep lace  q, by 
D i / R  wherever it appears i n  t h e  formulation. The consequence i s  t h a t  H i 2  can 
be replaced by un i ty  everywhere it appears and t h e  following quan t i t i e s  have 
these  new d e f i n i t i o n s :  

U, = 0,  t h e  present r e s u l t s  can - 
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Solut ion o f  t h e  General Case 

It w a s  mentioned previously t h a t ,  i n  general ,  t h e  t e r m  w i / P  accounting f o r  
t h e  l o c a l  rate of production of  t h e  species  i per  un i t  mass, w i l l  be ne i ther  
constant nor propor t iona l  t o  C i ;  but may be complicated func t ion  of C i  and t h e  
concentrat ion of other  species .  
wel l  behaved. Thus it i s  l i k e l y  t h a t  numerical i n t eg ra t ion  of t h e  p a r t i a l  
d i f f e r e n t i a l  equations w i l l  be necessary. 

Furthermore, t h e  boundary condi t ions m y  not be 

Examination of equation (1.7) suggests a numerical method f o r  solving a s e t  of 
equations (1.7) corresponding t o  a s e t  of r eac t ing  chemical species  f o r  e i t h e r  two- 
dimensional case (y and t or y and x ) .  The equation i s  a parabol ic  d i f fe ren-  
t i a l  equation. If p r o f i l e s  of c i ( y , s )  a r e  known at some value of s (from t h e  
r e s u l t s  of an exact so lu t ion  f o r  example), it i s  poss ib le  t o  ca l cu la t e  t h e  p ro f i i e  
of C i  a t  s + As by use of t h e  d i f f e r e n t i a l  equation i t s e l f  if t h e  der iva t ives  
appearing i n  t h e  equation a r e  replaced by f i n i t e  d i f fe rences  corresponding t o  a 
rectangular  f i n i t e  d i f fe rence  mesh i n  y and s .  I n  t h i s  way, p r o f i l e s  of  Ci(y,S) 
can be constructed at successive values  of s t o  ob ta in  t h e  complete so lu t ion  of 
a problem. The boundary condi t ions do not have t o  be p a r t i c u l a r l y  wel l  behaved 
i n  order f o r  a f i n i t e  d i f fe rence  scheme t o  be successfu l  ( r e f s .  19 through 23) .  
They can be var ied  i n  an almost a r b i t r a r y  way and can include d i scon t inu i t i e s  
(corresponding, e .g . ,  t o  c a p i l l a r y  w a l l  in jury  or t o  the sudden appearance of a 
tox ic  substance) .  
it i s  expected t h a t  t h i s  approach would be very f r u i t f u l .  

For t h e  general  case,  involving a number of r eac t ing  species ,  

Experimental Considerations 

The r e s u l t s  of t h e  ana lys i s  a r e  contained i n  t h e  closed-form so lu t ions  
wr i t t en  i n  terms of  t h e  parameters H i 2 ,  ai, p i ,  g ( y ) ,  and p2 and g ive  t h e  mass 
f r a c t i o n  of  species  i as a func t ion  of  time and pos i t ion .  The parameters con- 
s t i t u t e  a s e t  of  s ca l ing  l a w s  f o r  t h e  reac t ing  flow system. Thus an experiment 
with a la rge-sca le  model represents  t h e  behavior of t h e  small-scale  prototype 
( c a p i l l a r y ) ,  as long as  these  parameters a r e  t h e  same i n  both systems. It i s  f u r -  
t h e r  noted t h a t  t h e  experimental model could cons is t  of  one long c y l i n d r i c a l  
" c e l l "  with semipermeable w a l l s  and f i l l e d  with a t e s t  f l u i d  being drawn through a 
concentr ic  tube.  The point  i s  t h a t  it i s  not necessary t o  have numerous ind iv id -  
u a l  c e l l s  moving i n  l i n e  through t h e  tube because t h e  end w a l l s  o f  ind iv idua l  
c e l l s  a r e  not important t o  t h e  t r anspor t  phenomena. The "surroundings" mentioned 
i n  t h e  in t roduct ion  can be e i t h e r  an annulus of  f l u i d  o r  t h e  concentr ic  f ixed  
semipermeable c a p i l l a r y  w a l l .  Furthermore, a number of t hese  tubes may be placed 
i n  a bath of  s u i t a b l e  " t i s s u e  f l u i d "  t o  represent  a c a p i l l a r y  bed. Measurements 
might be made i n  ind iv idua l  tubes or i n  t h e  entrance and e x i t  of t h e  complete 
c a p i l l a r y  bed. Thus, t h e  ana lys i s  i nd ica t e s  t h a t  meaningful experiments can be 
made with r e l a t i v e l y  simple macroscopic models using r eac t ing  mixtures and 
semipermeable tubes.  
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CONCLUSIONS 

The d i f f e r e n t i a l  equation of mass t r anspor t  of chemically r eac t ing  species  
by d i f fus ion  i n  c e l l s  t h a t  a r e  moving through c a p i l l a r i e s  has been s impl i f i ed  by 
an order of magnitude ana lys i s .  
defined by t h e  r a t i o  of t h e  binary d i f fus ion  coe f f i c i en t  of a given chemical sub- 
s tance t o  t h e  product of c a p i l l a r y  rad ius  and c e l l v e l o c i t y .  Species t r anspor t  
by t h e  bulk motion of  c e l l s  along t h e  c a p i l l a r y  axis can be neglected i n  favor  .of 
r a d i a l  d i f fus ion  only i f  t h a t  r a t i o  i s  of t h e  order un i ty  or grea te r .  

Two p r i n c i p a l  regimes of i n t e r e s t  have been 

A family of closed-form so lu t ions  of  t h e  d i f f e r e n t i a l  equations has been 
obtained and includes s teady and unsteady s t a t e s ,  and consumption or production 
of  species  (with p a r t i c u l a r  re ference  t o  t h e  in t roduct ion  of fore ign  substances) 
a t  a l o c a l  r a t e  t h a t  i s  e i t h e r  constant or propor t iona l  t o  t h e  l o c a l  concentration. 

Application of  t hese  r e s u l t s  t o  microcirculat ion problems has been 
discussed and a few i l l u s t r a t i v e  examples were presented showing t h e  development 
of t h e  concentrat ion p r o f i l e s  across  t h e  c e l l  e i t h e r  as  a func t ion  of t ime or 
pos i t i on  as t h e  c e l l  moves through t h e  cap i l l a ry .  
por t  of chemical species  i n  and out of  t h e  c a p i l l a r y  were presented. 

Bamples of t h e  r a t e  of t r a n s -  

A method of solving more genera l  examples which a r e  described i n  terms of a 
s e t  of coupled nonlinear p a r t i a l  d i f f e r e n t i a l  equations has been discussed. 

The ana lys i s  suggests sca l ing  parameters u se fu l  f o r  modeling experiments of  
r eac t ing  flows passing through vesse ls  with semipermeable w a l l s .  

Ames Research Center 
National Aeronautics and Space Administration 

Moffett F i e ld ,  Cal i f . ,  Aug. 9, 1963 
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APPENDIX 

EIGENVALUES 

The pos i t i ve  roo t s  of t h e  t ranscendental  equation ( 3 0 )  provide t h e  
eigenvalues An f o r  severa l  of t h e  cases considered. Because t h a t  equation 
appears i n  problems other  than  t h e  present  appl ica t ion ,  i t s  roo t s  a r e  of general  
i n t e r e s t  and w i l l  be presented for two values  of t h e  parameter CLi/Hi. 

Because t h e  zeros of Jo and J, i n t e r l a c e  and, for l a rge  arguments, a r e  
spaced a t  in t e rva l s  of approximately 
expected t o  have t h a t  spacing for l a rge  values  of 
t h e  f irst  two roo t s  m y  be estimated by use of t h e  series representat ions for 
Jo and J,. If terms through t h e  fou r th  and t h i r d  degrees i n  A,/Hi for Jo and 
J,, respec t ive ly ,  are subs t i t u t ed  i n  equation ( 3 O ) ,  t h e  two pos i t i ve  roo t s  are 
r e a d i l y  found t o  be 

n ,  t h e  roo t s  of equation ( 3 0 )  m y  be 
An/Hi. For small arguments, 

and 

For examples of present  i n t e r e s t ,  ai 
f i r s t  root  ( A l )  i s  r e a l  and smaller than t h e  second root  ( A 2 ) .  It w a s  noted i n  
t h e  t e x t  t h a t  f o r  ai = 0, t h e  roo t s  of equation (30) a r e  t h e  zeros of J1, t h e  
f irst  of which i s  zero (which i s  i n  accord with ( A l ) )  and t h e  second i s  3.8317 
(which does not agree with eq. ( A 2 ) ) .  For ai d i f f e ren t  from zero, equation (Al) 
pred ic t s  t h e  f i r s t  root  f a i r l y  accurately,  but equation (A2)  general ly  does not 
pred ic t  t h e  second root  accurately.  

i s  a negative number (eq. ( 2 2 ) )  and t h e  

Exact roo ts  of equation ( 3 0 )  have been obtained by Messrs. Paul Byrd and 
L. Klosinski of Ames Research Center by use of t h e  IBM 7 0 9  d i g i t a l  computer. 
The f irst  200 roo t s  An/Hi CLi/Hi = -0.1 and -1.0 are l i s t e d  i n  t a b l e s  I1 
and 111, respec t ive ly .  

f o r  
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TABLE I. - PARAMETER ESTIMATES 

Species i 

Water 

N a C  2 

Urea 

Glucose 

Sucrose 

Raffinose 

I n s u l i n  

Myoglobin 

Hemoglobin 

Serum albumen 
- _  

:g/gMiiole) 
(ref. 18) 

18 

58.5 
60 

180 

3 42 

594 
5,100 

Y(,OOO 
68,000 
69,000 

__I_ 

K i  
(crn/sec) 
(ref. 18) 

0.54X10 -3 

.33x10 -3 

.26x10 -3 

.9x10 -4 

. 5 X l O  -4 

.3 9x10 -* 

.50X10 -5 

.40XlO -6 

--- 
--- 

.. . . . 

Hi 

1.2XlO -I 

.gOXlO 

.gOXlO -= 

.68x10 

.58x10 -1 

.51XlO 

.30x10 

.22XlO 

.15xlO 

.15xlO 
. .  . .  

-ai 

1 . l X l O  -I 

.glxlo -I 

.7 2x10 

.33X10 

.22XlO 

.19xio 

.42xlO -2 

.46x10 -3 
--- 
--- 



TABLE 11. - THE ROOTS AJHi FOR a / H i  = -0 -1 

n 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31. 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

NOTE : 

n 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71- 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 
100 

n 

10 1 
10 2 
103 
10 4 
10 5 
106 
107 
108 
1-09 
110 
111 
112 
113 
114 
115 
116 
1-17 
118 
119 
120 
121 
122 
123 
124 
125 
126 
13 
128 
129 
130 
131. 
132 
1.3 3 
13 4 
13 5 
136 
137 
13 8 
139 
140 
141 
142 
143 
14 4 
145 
14 6 
147 
148 
149 
150 

n 

151 
152 
153 
154 
155 
156 
157 
1-58 
159 
160 
161 
162 
163 
164 
165 
166 
167 
168 
169 
17 0 
17 1 
172 
17 3 
17 4 
17 5 
17 6 
177 
178 
1-7 9 
180 
le1 
182 
183 
184 
185 
186 
187 
188 
189 
19 
191 
192 
193 
194 
195 
196 
197 
198 
199 
X)O 

- 

A grouD of d i g i t s  followed by +m i nd ica t e s  t h a t  t h e  decimal po in t  
should be k p laces  t o  t h e  r i g h t - o f  t h e  f i r s t  d i g i t .  
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TABLE 111. - THE ROOTS An/Hi FOR ai/Hi = -1.0 

- 
n 

1 
2 
3 
4 
5 
6 
7 
8 
9 
1c 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

- 

-- 

A n h i  n 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
7 1  
72 
73 
74 
75 
76 
77 
78 
79 
% 
31 
32 
33 
34 
35 
36 
% 
38 
39 n 
91 
92 
23 
,4 
25 
26 
v 
?8 
19 
.oo 

- 

- 

.. - 

n 

10: 
10 : 
10: 
10 1 
lo! 
10 f 
10; 
lot 
10: 
11( 
11: 
11: 
11: 
111 
11: 
l l t  
117 
ll€ 
11: 
12c 
121 
122 
123 
124 
125 
126 
127 
12e 
125 
130 
13 1 
13 2 
13 3 
t3 4 
L3 5 
L36 
137 
t38 
-39 
-40 
-41 
-42 
-43 
-44 
.45 
-46 
.47 
.48 
.49 
.5O 
- 

n 

15: 
1.5: 
15: 
151 
15; 
15f 
1% 
15t 
155 
16 
16: 
16: 
16: 
16; 
16: 
16e 
167 
16€ 
165 
17c 
17 1 
17 2 
17 ? 
1-7 4 
1-7 5 
1-7 6 
177 
17 e 
1-7 s 
180 
181 
182 
183 
t84 
L85 
t86 
L87 
18% 
-89 
-90 
-91. 
-92 
-93 
-94 
-95 
-96 
-91 
-98 
-99 
!OO 

.. 

NOTE: A group of  d i g i t s  followed by +m i nd ica t e s  t h a t  t h e  decimal po in t  
should be m p laces  t o  t h e  r i g h t  of t h e  first d i g i t .  
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Figure 1.- Mass f rac t ion  profile for steady s t a t e  and constant production ( H i 2  = p2 = 1, 
C L ~  = -8 ,  p i  = - 3 ) .  
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Figure 3. - Mass f r ac t ion  p r o f i l e  f o r  steady s t a t e  and production proportional 
t o  concentration ( H i 2  = p2 = 1, ai = -8, P i  = -3). 
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Figure 4. - Mass f r ac t ion  p r o f i l e s  f o r  steady state and consumption proportional 
t o  concentration ( H i 2  = -p2 = 1, ai = -8, p i  = -3).  
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Figure 5.- Development of mass f rac t ion  prof i les  fo r  steady-state bulk flow with 
no reactions ( H i  = -ai = 0.1, P i  = p2 = 0 )  
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Figure 6.- Dimensionless mass flux per unit length of capillary leaving the 
semipermeable wall f o r  steady-state bulk f l o w  with no reactions (Hi = -ai= 0.1, 
pi = p2 = 0 ) .  
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Figure 7. - Development of mass f rac t ion  p ro f i l e  fo r  unsteady s t a t e ,  diffusion controll ing 
with no reactions ( H i  = 1.0, ai = -0.1, p i  = p2 = 0). 
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Figure 8.- Dimensionless mass flux per unit length of capillary leaving the 
semipermeable wall for unsteady state, diffusion controlling with no 
reactions ( ~ i  = 1.0, ai = -0.1, p i  = p2 = 0 ) .  
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Figure 9.- Development of mass f rac t ion  p ro f i l e  for steady-state b u l k  flow with no react ions 

( H i  - C L ~  = 0.1, p i  = -1.0, p2 = 0 ) .  
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Figure 10.- Dimensionless mass f lux  per unit length of capillary entering the 
semipermeable wall for steady-state bulk flow with no reactions (Hi = -ai = 0.1, 
pi = -1.0, p2 = 0). 
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Figure 11.- Development o f  mass f rac t ion  p ro f i l e  f o r  unsteady state, diffusion controll ing 
with no reactions ( H i  = 1.0,  ai = -0.1, p i  = -1.0, p2 = 0 ) .  
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Figure 12.- Dimensionless mass flux per un i t  length of  cap i l l a ry  enter ing t h e  

semipermeable w a l l  f o r  unsteady state, diffusion control l ing with no react ions 0 w * 
tJ 
-I= 

( H i  = 1.0, ai = -0.1, p i  = -1.0, p2 = 0 ) .  
&I 


